IDENTIFICATION OF A CONNECTION FROM CAUCHY DATA ON A 
RIEMANN SURFACE WITH BOUNDARY 

COLIN GUILLARMOU AND LEO TZOU 

Abstract. We consider a connection V^ on a complex line bundle over a Riemann surface 
with boundary A/q, with connection 1-form X. We show that the Cauchy data space of the 
connection Laplacian (also called magnetic Laplacian) L := V^ V"^ + q, with q a complex 
valued potential, uniquely determines the connection up to gauge isomorphism, and the 
C^ ■ potential q. 

(N 

^. 
<^ ■ 1. Introduction 

^^ \ Let Mq be a smooth Riemann surface with boundary, equipped with a metric g. A complex 

hue bundle E on Mq has a trivialization E ~ Mq x C, thus there is a non- vanishing smooth 

. section s : Mq — t- S, and a connection V on i? induces a complex valued 1-form iX on Mq 

w \ (where i = \f—\ G C) defined by Vs = s® iX, which means that V(/s) = s ^ {d + iX)f if d 

^^ ' is the exterior derivative. The associated connection Laplacian (* is the Hodge operator with 

r^ [ respect to g) is the operator 

=3 ■ A^ :=V^*V^ = -*{d*+iX A*){d + iX) 

acting on complex valued functions (sections of E). When X is real valued, this operator is 
often called the magnetic Laplacian associated to the magnetic field dX, and the connection 
1-form X can be seen as to a connection 1-form on the principal bundle Mq x S^ by identifying 
f^ ' iR C C with the Lie algebra of S^. This also corresponds to a Hermitian connection, in the 

^O . sense that it preserves the natural Hermitian product on E. Let g be a complex valued 

function on Mq and assume that the 1-form X is real valued, and consider the magnetic 
Schrodinger Laplacian associated to the couple (X, q) 

O; (1) L:=V^*V^ +q = -*{d*+iX A*){d + iX) + q. 

If H^{Mq) denotes the Sobolev space with s derivatives in L^, we define the Cauchy data 
space of L to be 

X ■ (2) Ql := {{u,V^u)\aM, G Hh^Mo) x H-"2{M^)-u G H\M^),Lu = 0} 

H \ 
5^ \ where v is the outward pointing unit normal vector field to BMq and V^n := {W^u){v) . 

The first natural inverse problem is to see if the Cauchy data space determines the connection 
form X and the potential q uniquely, and one easily sees that it is not the case since there 
are gauge invariances in the problem: for instance, conjugating L by e^ with / = on SMq, 
one obtains the same Cauchy data space but with a Laplacian associated to the connection 
\/X+df ^ therefore it is not possible to identify X but rather one should expect to recover its 
relative cohomology class. 

In general in inverse problems for magnetic Laplacians, it is shown that if two couples 
(Xi,gi) and (X2,(/2) are such that the associated connection Laplacian Li and L2 have same 
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Cauchy data space, then d{Xi — X2) = and qi = q2- In geometric terms, this means 
here that the curvature of the connections V"''^^ and V"'^^ agree. If the domain is simply 
connected, Xi would then differ from X2 by an exact form, and moreover i^j^^ {Xi — X2)=0 
by boundary determination . For these types of results in Euclidean domains of dimensions 
three and higher, we refer the readers to the works of Henkin-Novikov [TT], Sun [2H 122) . 
Nakamura-Sun-Uhlmann in [19], Kang-Uhlmann in [TC], and for partial data Dos Santos 
Ferreira-Kenig-Sjostrand-Uhlmann in ^. For simply connected planar domains, Imanuvilov- 
Yamamoto-Uhlmann in |14] deal with the case of general second order elliptic operators for 
partial data measurement, and Lai |17] deals with the special case of magnetic Schrodinger 
operator for full data measurement. 

However, on a general Riemann surface with boundary, the first cohomology space is non- 
trivial in general and Xi — X2 may not be exact and there is another gauge invariance. 
Indeed, if Xj are real valued and if there exists a unitary bundle isomorphism F : E ^ E 
(i.e. preserving the Hermitian product) such that V^ = F*V "^F with F = Id on E\qM(,) 
then it is clear that the Cauchy data spaces Qlx = 6^2 agree. We shall say in this case 
that the connections are related by a gauge isomorphism. Such a bundle isomorphism corre- 
sponds to the multiplication by a function F on Mq satisfying |F| = 1 everywhere and F = 1 
on dMo and this is equivalent to have igj^ (Xi — X2) = on OMq, d{Xi — X2) = and 
that J (Xi — X2) G 27rZ for all closed loop 7 in Mq. Another way of stating this isomor- 
phism is the following: let 71, . . . ,7m be some non-homotopically equivalent closed loops of 
Mq, non-homotopically equivalent to any boundary component, and let wi, . . . ,ujm be closed 
1-forms which form a basis of the first relative cohomology group H^[Mo,dMQ), dual to 
71, . . . ,7m in the sense / Uj = 6ij, then there is a bundle isomorphism as above if and only 

if Xi = X2 -F 27r X]m=l "-m^m with Hm S Z. 

For s £ N,p £ [1,00], let us denote by W^'P{Mq) the Sobolev space consisting of functions 
with s derivatives in L^. The following theorem provides a characterization of precisely when 
two Cauchy data spaces agree: 

Theorem 1.1. Let Xi, X2 G W'^'P{Mo,T*Mo) be real valued 1-forms and let qi,q2£ W^'P{Mo) 
be complex valued functions, where p > 2. Let Li,L2 be the magnetic Schrodinger Laplacians 
defined in ([U for the couples {Xi,qi) and {X2,q2)- Then the Cauchy data spaces C^^ and 
6^2 coincide if and only if qi = q2, and V"^^ is related to V"'''^ by a gauge isomorphism. 

As far as we know, this is the first result with such a characterization in the case of el- 
liptic equations at fixed frequency. There are results for time-dependent inverse problems, 
or equivalently when one knows the Cauchy data spaces at all frequencies, for instance by 
Kurylev-Lassas [16j and Eskin-Isozaki-O'Dell [6j (see the references therein for results about 
inverse scattering) . The problem of recovering the fluxes J X (modulo 27rZ) of the magnetic 
potential along closed loops is related to the so-called Aharonov-Bohm effect [T]. We notice 
that for the free case X = 0, the identification of q (or of an isotropic conductivity) on a 
Riemann surface with boundary from full data measurement was proved recently in [lOt i8j, 
and in [9J from partial data measurement, it was done in a domain of C in [13] . 



For a general complex valued connection form X and the associated operator L of ([I|), we 



can define its real and imaginary parts of iX by Xr := \{iX + iX) and Xjr := \{iX — iX) 
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and by an easy computation we have 

V^*V^ = V^«*V^« + (5(Xm) + \X^\l 

with 6 := d* = — * d* and therefore, comparing to the case where X was real, it changes the 
operator L in ([1]) only through the addition of a potential, namely 6{Xr) + |X]Rp. Considering 
the Cauchy data space of L to be 

Cl := {(n, V^«tx)|9Mo G H^Mo) x F-^(Mo);n G H\Mo),Lu = 0} 

we see from Theorem 11.11 that the Cauchy data space Ql determines S{X^) + \X^\'^ + q, and 
the imaginary part of iX up to gauge isomorphism. 

To prove the identification of the potential and the curvature of the connection, we shall 
reduce the problem to a first order system and we shall actually prove an inverse result for 
the following auxiliary problem: let us define the bundle S := A^{Mq) © A^'^{Mq) over Mq 
where A'^(Mo) denotes the bundle of complex valued A;- forms on Mq (for A; = 0, 1, 2) and 

AO'I(Mo) = ro*iMo = kerAi(* - ild), A^'°(Mo) = T^^Mq = kerAi(* + ild) 

and * is the Hodge star operator on A''(Afo). Let D := C°°{T.) -> C°°(S) be the self adjoint 
operator defined by 

'0 B* 



^■-\d 

and y be a complex valued diagonal endomorphism, then we set P := D + V. The Cauchy 
data space is defined by 

Qv ■■= {U\aMo; U G W''P{Mo, S), {D + V)U = 0}. 

and we prove 

Theorem 1.2. Let Vi,V2 £ M^^'^(Mo,End(S)) be two diagonal endomorphisms ofT,. Assume 
that they have the same Cauchy data spaces, ie. Cvi = Cv2 7 then Vi = V2. 

Such a result was recently proved by Bukhgeim [3] in the case of the disk in C, and we use 
a similar approach to solve this problem in this geometric setting, together with some results 
on holomorphic Morse functions proved in our previous work |8j. This also provides a recon- 
struction procedure of a potential V at any given point zq of Mq where there exists a Morse 
holomorphic function with a critical point at zq, see Remark 13.41 Constructive methods have 
also been obtained by [10^ fT^ for isotropic conductivity on Riemann surfaces. The result in 
Theorem 11.21 is however not sufficient to identify the curvature connection and potential, and 
part of our work is to show that the Cauchy data space of L determines the Cauchy data 
space oi P = D + V for a certain V associated to {X, q). 

The last part of Theorem 11.11 consist in showing that the integrals of Xi — X2 along closed 
loops are in 27rZ if C^-^ = C^j • This is done using parallel transport and unique continuation. 

The organisation of the paper is the following: in the first section, we construct some right 
inverses for the operators d and d* on a manifold with boundary Mq. Then in the next section 
we prove identification results for first order systems D + V as explained above. The following 
section is focused on boundary determination in the inverse problem for the operator L, and 
then we use this to reduce the problem on the magnetic Laplacian to the problem for a first 
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order system D + V . The last section deals with the holonomy identification and we end up 
with an appendix containing technical results. 

Acknowledgement. C.G. is partially supported by grant ANR-09-JCJC-0099-01. L.T 
is partially supported by NSF Grant No. DMS-0807502 and thanks the Ecole Normale 
Superieure for its hospitality. We both thank Gunther Uhlmann for helpful discussions. 

2. The Cauchy-Riemann Operator on M 

Let M be the interior of a compact Riemann surface with boundary M. The surface 
is equipped with a complex structure. The Hodge star operator * acts on the cotangent 
bundle T*M, its eigenvalues are ±i and the respective eigenspace Tj*qM := ker(* + ild) 
and Tq^M := ker(* — ild) are sub-bundle of the complexified cotangent bundle CT*M and 
the splitting CT*M = T^qM ® Tq-^M holds as complex vector spaces. In local complex 
coordinate z induced by the complex structure, Ti^M is spanned by dz while Tq^M is 
spanned by dz. If vri^Oi'^o,! are the respective projections from T*M onto T^qM and Tg*^M, 
the Cauchy-Riemann operators d, d mapping functions to 1-forms are defined by d := iTQ^id 
and d := TTi^d so that d = d + d. The operators d, d mapping 1-forms to 2-forms are defined 
by d := di^ifi and d := diTQ^i, and again d = d + d. Our main goal in this subsection is to 
construct some right inverses of the Cauchy-Riemann operators. 

Proposition 2.1. There exists an operator d"^ : Cq°{M,T^qM) — t- C^i^M) which satisfies 

the following 

(i) dd-^uj = uj for all uj G C^{M, Tl^M), 

(a) if Xj £ C^{M) are supported in some complex charts Ui hi-holomorphic to a hounded 

open set il C C with complex coordinate z, and such that x '■= S,- Xj equal 1 on Mq, then as 

operators 

d^\ = Y.^,fx,+K 
j 

where Xj £ C^{Uj) are such that XjXj = Xj> K has a smooth kernel on M x M and T is 
given in the complex coordinate z £ Ui ^ i^ by 



Tifdz) = - [ I^dz[dz', 

■^ Jcz- z' 



where dvg{z) = a'^{z)dzidz2 is the volume form of g in the chart. 
(Hi) d^^ is bounded from LP{Tq^M) to VF^'^(M) for any p £ (l,oo). 

Proof. The existence of a right inverse d~^ is proven in |18l Th. CI. 10] : by taking a totally 
real subbundle F C DM x C over the boundary dM with a large boundary Maslov index 
(see O Cor 2.2.]) for an explicit F having large Maslov index, the operator d = Wp (M) — )• 
L?'{TqiM) is Fredholm if Wp (M) denotes the space of L^ functions with one derivative in 
L^ and boundary value in the bundle F, and moreover d is surjective if the Maslov index is 
chosen larger than — 2x(M) where x{^) is the Euler characteristic of M. Moreover, d~^ maps 
W^^'^{M) to T^^+^'2(M, To*iM) for all fc G N by elliptic regularity Observe that d'^d-l maps 
Wp (M) into ker d n Wp' (M) which is a finite dimensional space spanned by some smooth 
functions '0i)---V'n (by elliptic regularity) on M. Assuming that {ipj)j is an orthonormal 
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basis in L^, this implies that, on Wp (M) 

n 

d~^d = l-U where 11 = ^^fc(-,^fc)L2(M)- 

fc=i 

Now we also have 

d Yl ^^TXj = X + Y[d, Xj]Txj 
j J 

and the last operator on the right has a smooth kernel in view of Xj^Xj = &iid the fact 
that T has a smooth kernel outside the diagonal z = z' . Now since Xj ^ C'q°(M) C Wp (M), 
we can multiply by d~^ on the left of the last identity and obtain 

d-'x = E Xjfx, - n j; x,f X, - d-' J2^d, xj]fxr 
j j j 

The last two operator on the right have a smooth kernel on M x M, in view of the smoothness 
of i)k and the kernel of J2j[d, Xj]Txj, and since d'^ maps C^{M) to C'^iM, T^^^M). D 

Lemma 2.1. Let d* = -i * d : W^'^{Tq^M) — ^ L'P{M), then there exists an operator d*~^ 

mapping C^{M) to C°°(Tq-^M) which satisfies the following. ■ 

(i) d*d*~^uj = u: for all u: £ C^{M), 

(a) if Xj £ Cq°{M) are supported in some complex charts Ui hi-holomorphic to a hounded 

open set i7 C C with complex coordinate z, and such that x '•= ^o Xj equal 1 on Mq, then as 

operators 

d*-'x = Y.^jTxj + K 
j 
where Xj G Cq°(Uj) are such that XjXj = Xj> ^ ^(^^ ^ smooth kernel on M x M and T is 
given in the complex coordinate z ^UiC^Vl by 

where dvg{z) = a^{z)dzidz2 is the volume form of g in the chart. 
(Hi) d*~^ is hounded from LP{M) to W^''''{Tq-^^M) for any p £ (l,oo). 

Proof. Let G be the Green's kernel with Dirichlet condition on M. Then one has 2d*dG = 1 
and G maps LP{M) to W'^'P{M) by elliptic regularity. Thus we shall set d*~^ := 2dG which 
maps LP{M) to VF^'^(Tq ^^M). This proves (i) and (iii). In local complex coordinate z in 
each Ui, the metric has the local form g = a^{z)\dz\'^ for some positive function a{z), thus 
A^ = a~'^{z)Az where A^ = —4dzdz is the Euclidean Laplacian. Therefore 

^9 Y XjGoa^Xj = X + X][^' Xj]Goa'^Xj 
j j 

if Go{z, z') := — (27r)~^ log \z — z'\ is the Green's function on M?. Since Xj ^ C'^(M), we can 
multpliply this identity on the right by {d*)~^ = 2dG and we deduce 

{d*)-'x = 2Y,Xjd,Goa\j + 2Y,[0,Xj]Goa\, - 2Y,dG[A,Xj]Goa\j. 
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Since Xj^Xj = aiid Go is smooth outside the diagonal z = z', we deduce that the last 
two terms have smooth kernel in view of the fact that dG preserves C°° . Now the operator 
28^0^0^ is equal to T and we have proved (ii). D 

Let Mq be a surface with boundary included strictly in M (for instance a deformation rec- 
tract of M) and for q,p £ [1, oo] let £ be a linear extension operator from Mq to M which maps 
continuously W'''P{Mo,T^^^Mo) to the set Wc'^{M,T^.^M) of compactly supported functions 
in VFfc p(M, Tq j^M), for fc = 0, 1, with a range made of functions with support inside the region 
Ms := {m G M;d(m,Mo) < 5} for some smah 6 > 0. Finally, let Jl : L'i{M) -^ L'?(Mo) be 
the restriction map from M to Mq. 

Lemma 2.2. Let ip he a real valued smooth Morse function on M and let Bt := 3{d^^e~'^^^' E. 
where B^^ is the right inverse of B : W^'P{M) — t- L^ITq^M) constucted in Proposition \2.1[ 
Let q £ (l,oo) and p > 2, then there exists C > independent of h such that for all 
ujGW^'PiMo,T*^^Mo) 

(3) P^^^IIl-JCMo) < Ch'^^^\Mw^'PiMo,T*,Mo) if 1 < g < 2 

(4) \\d:^'^^\\Li{Mo) < Ch^^'^\\^\\w^:P{Mo,Tl^Mo) if 2 < g < p. 
There exists e > and C > such that for all uj G Wc'^ {Mq,Tq -^Mq) 

(5) \\B^ ^\\L'^{Mo)<Ch'2 ^||a;||vvi,P(A^o,To*iAfo)- 

Proof. Observe that the estimate ([5]) is a direct corollary of @ and ([3]) by using interpolation. 
We recall the Sobolev embedding W^'P{M) C C^^M) for a < 1 — 2/p if p > 2, and we shall 
denote by T the Cauchy-Riemann inverse of Sg in C: 

Tf{z) :=- f ^d^idC2 

where .^ = ^i + i^2- If fi, fi' C C are bounded open sets, then the operator Hj^/ T maps IJ'{Q) 
to IJ'{Q'). Clearly, since £,3? are continuous operators, it suffices to prove the estimates for 
compactly supported forms uj G W^'P{Tq^M) on M. Thus by partition of unity, it suffices to 
assume that uj is compactly supported in a chart biholomorphic to a bounded domain Q G C, 
and since the estimates will be localized, we can assume with no loss of generality that '0 has 
only one critical point, say zq G O (in the chart). The expression of 57 {fdz) in complex 
local coordinates in the chart Q satisfies 

d^\fiz)d-z) = x{z)Tie-''^/''f) + Kie-^^^/''fdz) 

where K is an operator with smooth kernel and x 6 C'q°(C). 

Let us first prove ([3]). Let ip G Cq^{C) be a function which is equal to 1 for |z — zqI > 2(5 
and to in 1^ — zqI < (5, where (5 > is a parameter that will be chosen later (it will depend 
on h). Using Minkowski inequality, one can write when q <2 

\\xT{{l-^)e-'^'^^/'f)\\LHC) 
(6) 



L 


x{-) 




c\\f 


II f 

Jn 


\{l-ip{OmidC2<C6^\\f\\L^. 
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On the support of 93, we observe that since ip = near zq, we can use 

2 dtp dip 

and the boundedness of T on L"? to deduce that for any q < 2 

m \\^T(,n.-'^i^/hf\\\ <rh(\\'^^\\ ill-^^'^ll ill'^^-^ll I II f"^ II 

(7) wxn^e /)ii^.(c) <ch[\\^\\L. + ii^iil. + ii^iil. + Wj^.u^ 

The first term is clearly bounded by 5^"'^||/||loo due to the fact that ip is Morse. For the last 
term, observe that since ip is Morse, -ianj < ttt^ near zq, therefore 



The second term can be bounded by II "ajf Hl? < II/IIl°°II^IIl«- Observe that while ||^||l°' 
grows like 5~^, dip is only supported in a neighbourhood of radius 25. Therefore we obtain 



The third term can be estimated by 

II^IIl. < C\\df\\LA\^\\L^ < C6-'\\df\\Lr>. 

dtp dtp 

Combining these four estimates with ([7]) we obtain 

||xr(^e-2*^/V)llL.(c) < hWfW^^AS-' + s'/"-'). 

Combining this and ([6]) and optimizing by taking 6 = h^'^, we deduce that 

(8) llxr(e-2^'^/V)llL.(C)</^'/'ll/ll,4^i.. 

if g < 2. We now move on to the smoothing part given by K{e~'^^^' f). Take x to be a 
compactly supported function in Q such that it is equal to 1 on the support of /, we see that 
K[e^^^lhf) = K{e-^^^l^{f - xfizo)) + f{zo)K{e-^^'l'/^x)- By applying stationary phase, we 
easily see that ||/(2;o)K(e~^*^/^x)l|L'? < C'^ll/llc" fo^' ^'^Y 1 ^ [IjO*^]- Foi' the first term, we 
write f '■= f — xfi^o) ^-nd we integrate by parts to get, for some smoothing operator K' 

-,tp 
By the fact that K and K' are smoothing, we see that for all fc G N 

7 






\K{e^^'i'l^f)\\c.<hC[\\f\\L^ + 



d. 



dztp 



Li 



Using the fact that tp is Morse, the Sobolev embedding W^'^ C C" for a = 1 — 2/p and 
f{zo) = 0, we can estimate the last term by C||/||v(/i,p if p > 2. Therefore, 

(9) ||i^(e2*^/V)l|L. <C/.||/||^^i,p 

for any q £ [1, cxd] and p > 2. Combining ([9]) and ([8]) we see that ([3]) is established. 
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Let US now turn our attention to the case when oo > g > 2, one can use the boundedness 
of T on L'^ and thus 

(10) ||xT((l - ^)e-2^^/V)llL.(C) < 11(1 - ^)e-''^^''f\\LHn) < C5l\\f\\L^. 
Now since (p = near zq, we can use 

and the boundedness of T on L'^ to deduce that for any g < p, dZ]) holds again with ah the 
terms satisfying the same estimates as before so that 

since now q >2. Now combine the above estimate with ()10p and take 5 = h^ we get 

\\T{e-''^/'^f)U.<h'/m\\^... 

for 2 < q < p. The smoothing operator K is controUed by Q for all q G [l,oo] and therefore 
we obtain ^. D 

Observe that the adjoint 01* : L'^{Mo) -^ L'^{M) of "31 : L'^{M) -^ L^{Mo) is simply 
given by 51* f = Hmq f where Umq is the characteristic function of Mq in M. In particular 
Jl*V G W^'pIm) for p > 2 if V\omo = and F G W^'PiMo). By Proposition EH the operator 
{d~^)* satisfies 

xid-'r = ^XjT*Xj+K* 
j 
where K* has a smooth integral kernel on M x M and T* = T. The proof of Lemma 12.21 can 
then be applied in the same way to deduce that for v G W^'P{Mq) with v\dMo = 

(11) \\^*{d-')*R*{e~'^^/'^v)\\L^Ti,Mo) < Ch-2+^\\v\\w^.nMo) 

where we used that x£ = £ if x = 1 on Mg. The same following estimate also holds if 
w G W^'P{Mo,Tl^Mo) with w\aMo = 

(12) \\e*{d*''rR*{e''^/^w)\\L2(^Mo) < Ch'2+^\\w\\w^.r,^Mo,Tl,Mo)- 

Similarly, let 3? also denotes the restriction of section of Tq ^M to Mq and if £ is an extension 

map from Mq to M which is continuous from W'''P{Mq) to Wc'^{M) for A; = 0, 1 and with 
range some functions having support in Af^. One has 

Lemma 2.3. Let ip be a smooth real valued Morse function on M and let B*^ := Old*~^e'^^^'^E 
where d*^^ is the right inverse constucted in Proposition \2.1\ for d* : VK^'P(M, Tq j^M) — t- 
LP{M). Let q G (l,oo) and p > 2, then there exists C > independent of h such that for all 

uj G Tyi'P(Mo) 

(13) ||9^~^w||i9(Mo,To*iMo) < Ch^/^\\uj\\wi,v[Mo) if 1 < ^ < 2 

(14) \\d*f^^\\Li{Mo,T*^Mo) < C^^^''ll^llwi.p(Mo) if 2 < q<p. 
There exists e > and C > such that for all uj G Wc '^(Mq) 

(15) Wd"^ ^\\L'^{Mo,Tl^Mo)<Ch'^ ^||w||h/i,p(Mo)- 
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Proof. The proof is exactly the same as the proof of Lemma 12.21 We do not repeat it. D 

3. Solutions to First Order Systems 

Let Mq be a surface with boundary included strictly in M (for instance a deformation 
retract of M) and let $ = (/) + i-^ be a Morse holomorphic function on M. Such ^ exist by 
Corollary 2.2. in [5]. We shall denote respectively by 

the matrix potential where v,v' S W^''^{Mq) (with p > 2) are complex valued and the Dirac 
type operator, acting on sections of the bundle S := A^{Mq) © A^'^{Mq) over Mq. Li this 
section, we will construct geometric optic solutions F G W^'P{T,) (also called Faddeev type 
solutions) which solve the equation 

{D + V)F = 

on Mq. It is clear that 

and thus 

g2#/h^ 



We will then construct solutions Fh of {D + V^)Fh = which have the form 

where a is some holomorphic functions on M, b some anti-holomorphic 1-form and (r/^, Sh) G 
W^'^{T,) which decays appropriately as /i — t- 0. In particular, we need to solve the system 

(D + V^)Zh = -V^A = - (^ ^-2i^/h^>^ ) ■ 
Let us define the operators D~^ and D^^ acting on A°(Mo) ® A°'^(Mo) by 
1 ._ ( %d-H \ 1 

which satisfy DD^^ = Id on L^{Mq) for all g G (l,oo) and DDl V = V^. To construct Z^ 
solving {D + V^)Zh = —V^A in Mq, it then suffices to solve 

iI + D-'V)Zh = -D-'VA. 

Writing the components of this system explicitly we get 




(16) J 'i^ ' ^jp y^^> - ^j/. 



Sh + d;-\vrH) = -d;-\va) 
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Observe that since we are allowed to choose any holomorphic function a and anti-holomorphic 
1-form 6, we may set a = in ()16p and solve for rh to get 

(17) (I - ShVh = -B^Hv'b) w[thSh:=d;j;Wd;-'v. 

where v, v' are viewed as multiplication operators. We have the following lemma: 

Lemma 3.1. Let p > 2 and assume that v G L°°{Mq) and v' E W^'P{Mq), then Sh is 
bounded on L^{Mq) for any 1 < r < p and satisfies ||5'/j||Lr_^^r = 0{h^'^') if r > 2 and 
\\Sh\\L2-^L2 = 0(/i^/^"^) for any < e < 1/2 small. 

Proof First, notice that 5^"^ maps U'{Mo) to W^'''{Mo,T^^^Mo) with norm 0(1) as /i ^ by 
(iii) in Lemma [2TT] and the properties of £,3?. Therefore, if v' G W^'P{Mo) and v G L°°(Mo), 
the operator v'dl~ v maps L^ to W^'"^ {MqjTq ^Mq) with norm 0(1) for r < p and Lemma 
12.21 can be used to deduce that S^ maps L'" to U' with norm 0{h^'^) if r > 2. If r < 2, 
v'B^-^ maps L'-(Mo) to L'-{T*^Mo) with norm 0(1), and 9^^ maps L''{T*^^Mo) to L^(Mo) 
with norm 0(1), and thus Sh is bounded on U{Mq) with norm 0(1). For all e > small, 
interpolating between r = 1 + e and r = 2 + e, gives the desired result for r = 2. D 

In view of Lemma [3. 11 equation ()17p can be solved by using Neumann series by setting (for 
small /i > 0) 

oo 

(18) rh:=-Y.Sid-^\'h 

j=0 

as an element of any L'^{Mq) for q > 2. Substituting this expression for r into equation ()16p 
when a = 0, we get that 

(19) Sh = -d;-\rh. 

We now derive the asymptotics in h for Sh and r^- 

Lemma 3.2. If v £ L°°{Mq) and v' G W^'^{Mq) for some p > 2, then there exists e > such 
that 

I|s/i||l2(Mo) + Wrhh^Mo) = 0{h^+^) 

Proof. The statement for r/j is an easy consequence of Lemma r2.2l and [3Tl indeed | |9T v'b\ \i^2 = 

0{h^^') by LemmaEJand \\Sh\\_L2^L2 = 0{h^-') thus \\rh\\L^ = 0{h^^'). The estimate 
for Sh comes from the fact that ||(3*,^ Hl^^l^ = 0(1) and (fT9|) . D 

The same method can clearly be used by setting 6 = and solving for Sh first. We 
summarize the results of this section into the following proposition 

Proposition 3.1. Let ^ = (j) + iip he a Morse holomorphic function on M , and b an anti- 
holomorphic 1-form on M. If v £ L°°{Mq) and v' G W^'^{Mq) for some p > 2, then there 
exist solutions to (D + V)F = on Mq of the form 
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where \\sh\\L2(A4g) + lkh||L2{A/o) = 0(/i2+'^) for some e > 0. // conversely v' £ L°°{Mq) and 
V G W^'^{Mq) for some p > 2, then there exist solutions to {D + V)G = on Mq of the form 



(21) Gh 



^'^/\a + 



e-''\a + rh, 



e*/^.. 



1 



where Wshh^Mo) + Wrhh^iMo) = 0{h2+^) for some e > 0. 

As a corollary we obtain the 

Theorem 3.3. Let p > 2 and Vj £ L°°(Mo,End(S)) be some complex diagonal endomor- 
phisms ofT, for j = 1,2 with diagonal entries Vj G L°°{Mq),v'j G L°°{Mq). Denote by 

Sv, := {^Wo^ e H-2{dMo; S); F G H^Mo, S), {D + Vj)F = 0} 

the Cauchy data space of D + Vj, where idUo '■ dM^ — )• Mq denotes the natural inclusion map. 

(i) Ifv'j G VFi'P(Mo) and Sy, = Cy^ then v[ = v'2. 

(a) ifvj G W^'^iMo) and Cy^ = Cyj then vi = V2. 

As a consequence, ifVj G W^'P{Mq, End{'E)) , and Cvi = Cv2; then Vi = V2- 

Proof. Let <I> be a Morse holorniophic function with a critical point at zq. The existence of 
such a function for a dense set of points zq of Mq is insured by Proposition 2.1 of [8j. We 
start by defining the respective solutions 



^- \e*/'^(6+4);' '^ ■ Ve-*/^(&+4; 



of {D + Vi)F^ = and {D + V2)F^ = where r;^,s;fj are constructed in Proposition 13.11 
Since 61 = 62, there exists F^ solution of {D + V2)Ffi = such that igj^^ F^ = igj^j F^. In 
particular, {D + V2)(Fl - Fh) = {V2 - Vi)Fl and i^jvfoC^ft " ^h) = 0. Then using Green's 
formula and the vanishing of -F^ — F^ on the boundary 

(22) 0=/ {{D + V2)[Fl-Fj,),Fl)= f {{V2 - Vi) F', , F^) . 

J Mo J Mo 

where (•, •) denotes the natural Hermitian scalar product on S induced by g. This gives 

(23) = / {v'2- v[)e-'^^/'^ (\b\' + {b, si) + {si b)) + {V2 - v,)e''^/'^r}p^. 

JMo ^ ' 

First, notice that by Proposition 13. H 

(24) / („2 - vOe'^'^/VJi^ = 0(/i^+^) 

JMo 

for some e > 0. Then we choose b to be an anti-holomorphic 1-form which vanishes at all 
critical points of $ in Mq except at the critical point zq G Mq of $. This can be done by 
using Riemann-Roch theorem (see Lemma 4.1 in [5]). We observe by using stationary phase 
that 

(25) / {v'^ - v'2)e^'^/''\b\^ = C,,he^'^^'^^"'{v[{zQ) - t;^(zo))|6(^o)|' + o{h) 
J Mo 

for some constant C^o 7^ 0. More precisely, to show this, it suffices to decompose v' := v'^ — v'2 
as {v' — xv'{zq)) + X^'('2o) where x ^ C^{Mq) is supported near p, then we apply stationary 
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phase to the term x^'(-2o) and use integration by parts for the other term: if ^ • Xj = 1 is a 
partition of unity on Mq associated to charts Uj with complex coordinate z 

Mo ^^JUj ^ dzi^ ) 

since ij'laMo = by the boundary identification of Lemma [731 and we finally conclude us- 
ing Riemann-Lebesgue to deduce that the right hand side term is oiK) since dz{xjiv' — 
Xv'{zo))\b\'^/dzip) G L^{Mq) if v' G W^'^ for p > 2. Let us now consider the term with {b, s\) 
in ([23]): using (fl^ 

Mo J Mo 

Since T;'|aAfo = 0> we may use <^ to deduce that ||£*(9*-i)*3?*e2*'/'/'^w'6||^2 = 0(/ii/2+^) and 
thus combining with Proposition 13. H we deduce that 

Mo 

the same argument gives that the term involving {s\,b) in ()23p is 0(/i^^^). These last two 
estimates combined with (|25p and (|24p imply that i'i(-zo) = 'y2(-^o) by letting /i — t- 0. The same 
proof using the complex geometric optics Gh of Proposition [3?T] gives vi = V2 if fj G VF^'*'(Mo) 
and Vj G L~(Mo). D 

Remark 3.4. As noted in section 4 of \3\, this methods allows to get an inversion (or recon- 
struction) procedure to recover the value of a matrix potential V at a given zq G Mq, provided 
we know a Morse holomorphic function $ with a critical point at zq and ^(zq) = 0. We do 
not give details since it is essentially the same idea as [3], but essentially the method is to 
compare to case Vi = V to the free case V2 = and use complex geometric optic (or Fad- 
deev type) solutions F^,F^ for /i — ;■ 0, together with the Green formula as we did above for 
identification: the boundary term is not zero anymore but is the information we measure and 
therefore multiplying by h"^ and letting /i — t- 0, the boundary term converges to V{zo) times 
an explicit non-zero constant . 

4. Boundary Determination 

For smooth (X, g), it was shown by Nakamura-Sun-Uhlmann in [T9] that the Cauchy data 
space determines the boundary values of Xj up to an exact form. This is relaxed to regularity 
X G C^,q G L°° by Brown-Salo [2]. We summarize it in 

Proposition 4.1. Let Xx,X2 G W'^^^{Mq,T*Mq) and qi,q2 G W^^p{Mo) for some p > 2, 
then if Qli = Cl2 ^^en ig^^^Xi = i*QMa^2 and qi\dMo = l2\aMo, where i^A/o is the inclusion 
map of OMq into Mq . 

This statement was only shown in |19t [2] for M = fi C M" but since the proof is only 
localized near a neighbourhood of the boundary, it adapts naturally on a general Riemann 
surface and we will not provide a proof here. Notice that by adding an exact form d^ to Xi 
with (^ a function vanishing on the boundary, we do not change the Cauchy data space Cli- 
If X is a boundary defining function such that \dx\g = 1 at OMq, we can set C = xf{x) for 
some C^ function / and we have dClaMo = f\dModx; therefore if v is the unit interior pointing 
normal vector field to 5Mo, we have dC,{v)\aMQ = /|aMo ai^d choosing / accordingly, we can 
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choose C so that Xi + d^ = X2 at OMq. By the gauge invariance, we can at best identify 
X up to exact forms, and therefore we may assume that Xi = X2 at OMq as forms on Mq, 
possibly by modifying Xi through an exact form dl^. 

For our purpose we will need additional information along the boundary in order to reduce 
our problem to a first order system. That is, we will show that the boundary value of 
certain primitives of the forms Xj agree with that of the boundary value of a holomorphic 
function. More precisely, let Xj G A^(Mo) and Aj := ttq^iXj and Bj := ivifiXj where 
7ro,i : Ai(Mo) -^ A°'i(Mo), and vti^q : A^{Mo) -> A^'°(Mo) are the natural projections. The 
main result of this section is 

Proposition 4.2. Letai anda2 be smooth functions such that Boj = Aj. Then e~'^^°'^~°''^'\QM 
is the boundary value of a holomorphic function. 

In order to prove the Proposition, we shall need a few Lemma characterizing boundary 
values of holomorphic functions. Let us denote by idM^ '■ OMq — >■ Mq the inclusion map. 

Lemma 4.1. Let f G H^'^{dMQ) be a complex valued function. Then f is the restriction of 
a holomorphic function if and only if 



IdM 

for all 1-forms rj £ C°^{Mo;TIqMo) satisfying Br] = 0. Similarly, f e H^/^{dMo) is the 
restriction of an anti-holomorphic function if and only if 

fi*dMoV = 

dMo 

for all 1- forms 7] £ C°^(Mo; Tq^Mq) satisfying dr] = 0. 

Proof. We will only prove the holomorphic statement, the anti-holomorphic statement follows 
similarly. Suppose / € H^''^{dMo) is such that 



IdM 

and denote by u G H^{Mq) its harmonic extension to Mq. We would like to show that u is 
actually holomorphic. We will do this by showing that 

{du,io) =0, Vw e C°°(Mo,ro*iMo). 

By the Hodge- Morrey decomposition given in |2Ul Th 2.4.2], a 1-form w G -L^ can be decom- 
posed as 

CO = da + *dl3 + wq 
where a, /3 E H^{Mq) satisfy Dirichlet condition a\dMo = PldMo = and wq is closed and 
co-closed duo = 0,d*uJo = 0. If w E C°^{Mo,T^-^Mo), then 

u} = 7ro,ii^ = 7To,ida + ttq,! * (i/3 + ttoj^o 

Since 7ro,id = d and ttq^i * d = —id on functions, and rj := ttq^iloq E C°°{Mq,Tq^Mq) satisfies 
drj = 0, we can write u = d^ + rj where 7 has Dirichlet boundary condition and drj = 0. We 
now compute by Stoke's Theorem 



{du, uj) = {du, d-f) + {du, r/) = {d^du, -f) - i fi*aMoV- 

JdM 
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The first term on the right side vanishes since u is harmonic, the last term vanishes since 
f] E C°°(Mo,T*qMo) satisfies dfj = and we have assumed that / is orthogonal to all such 
boundary values of sections of T^qMo. Therefore we conclude that du = 0. Since we will not 
actually use the converse statement in this paper, it is left as an exercise. D 

Lemma 4.2. Let f G H^''^{dMQ) be a complex valued function. Then f is the restriction of 
a holomorphic function if and only if 

dMo 

for all smooth real valued harmonic functions (p which have no critical point on the boundary. 
Similary, f G H^''^{dMQ) is the restriction of an anti-holomorphic function if and only if 

dMa 
for all smooth real valued harmonic functions (p which have no critical point on the boundary. 

Proof By applying [18l Th. CI. 10] like in P Cor. 2.3] with a totally real subbundle 
boundary condition having high boundary Maslov index, one obtains that the operator 
d : H^{Mq) — )• H'^{Mq;T*qMq) is surjective. Using this we see that Lemma 14.11 implies 
that / is the restriction of a holomorphic function if and only if 

fi*dMod(l) = 
dMo 

for all harmonic functions (p. Now it remains to show that this statement is equivalent to 
the case where we consider only smooth harmonic functions with no critical points on the 
boundary. That is, we want to show that smooth harmonic functions with no critical points 
on the boundary form a dense subset of the harmonic functions in C (Mq). Indeed, let (/> 
be a harmonic function with smooth boundary value g G C°°{dMo). Since Morse functions 
are generic on the circle, it suffices to consider the case where g' is a Morse function with 
isolated critical points {xi, ..,xm}- Clearly, the critical points of (p forms a subset of the set 
{xi, ..,xm}- We will make a small perturbation to (p so that xi is guaranteed to not be a 
critical point. Let (pi be a smooth harmonic function with boundary value gi £ C°°(5Mo) 
and such that and d(pi{xj) = dv for all j = 1, . . . , A'^ if di/ is the unit conormal form to OMq; 
the existence of such a function (pi is insured by applying Lemma 2.6 of [S] on the manifold M 
containing strictly Mq: indeed this Lemma says that there exist holomorphic functions with 
prescribed Taylor expansion to order 2 at xi, . . . ^x^ S int(iVf) and therefore taking its real 
part one obtains the desired harmonic function. For all e > small, the points xi, . . . ,xn 
are not critical point of the function (p' := (p + e(pi. Furthermore, for all e > small enough, 
g' := 0'laA/o is again a Morse function on dM^ with critical points {xi, ..,XAr}, therefore the 
critical points of (p' on BMq are contained in {xi, .., x^v}, which implies that (p' has no critical 
points on BMq. Thus smooth harmonic functions with no critical points on SMq form a dense 
subset of C^ harmonic functions and we are done. D 

In view of Lemma 14.21 and the fact that Morse harmonic functions form a dense subset of 
harmonic functions (see Lemma 2.2]) in C {Mq), we have the following corollary: 
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Corollary 4.3. Let f € H^''^{dMo) be a complex valued function. Then f is the restriction 
of a holomorphic function if and only if 



IdAIo 

for all smooth real valued harmonic functions (p which is Morse up to the boundary and has 
no critical point on the boundary. Similary, f G H^''^{dMo) is the restriction of an anti- 
holomorphic function if and only if 

JdMo 
for all smooth real valued harmonic functions (p which is Morse up to the boundary and has 
no critical point on the boundary. 

Let (j) he a smooth real valued harmonic function defined on M. It is easy to see that (p 
has a harmonic conjugate if and only if 



M,{(P):= / *# = j = l,..,n. 

where {71, ..,7„,} is a family of generators of the fundamental group 7r(Mo, mo) (with mo G Mq 
fixed). However, if M(0) = {Mi{(p)^ .., Mn{4i)) € (27rZ)" then one can construct a multivalued 
function -0 such that F := e'^"'"*'^ is a (single- valued) holomorphic function with \F\ = e^ and 
dF = (1 — i)Fd(j). Indeed, it simply suffices to set ip(m) = — j /^\ *d(j) where ^{m) is a 
smooth path joining tjiq to m. 

Lemma 4.4. Let f G L{^''^{dMQ) be a complex valued function. Then f is the restriction of 
a holomorphic function if and only if 



(26) / fi*9Mod<t> = 

JdMo 

for all smooth real valued harmonic functions (j) which is Morse up to the boundary and 
M{(f>) G (27rZ)". Similary, f G H^''^{dMo) is the restriction of an anti-holomorphic function 
if and only if 



I 

Jdt 



I a Mo 

for all smooth real valued harmonic functions (p which is Morse up to the boundary and 
M{(p) £ (27rZ)". 

Proof. By Corollary 14.3^ we need to check that (j26p is equivalent to the condition stated in 
Corollary 1131 Observe that if M{(p) G (27rQ)", then M{k(p) G (27rZ)" for some integer k, 
thus the condition (|26p is satisfied for all smooth harmonic Morse (p with M{(p) = (27rQ)" 
and no boundary critical point if and only if it is satisfied for all smooth harmonic Morse (p 
with M{(p) G (27rZ)" and no boundary critical points. Therefore, by taking limits, it suffices 
to show that any Morse harmonic function (p with no critical point on the boundary can be 
approximated by a sequence of Morse harmonic functions with periods in 27rQ in the C'^{Mq) 
topology. Indeed, let {i;^i, .., i;^„} be a set of real valued C^ harmonic functions in Mq such that 
Mj{(pk) = Sjk- Such harmonic functions exist due to equation (3.1) of [4J which states that the 
period matrix is invertible. Then given a real valued harmonic function (p, we consider small 
perturbations tp' := (p> + X^"=i ej(pj of (p. Since Q is dense in M, ej can be chosen arbitrarily 
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small such that M{(p') E (27rQ)". If (p is Morse with no critical points on the boundary and 
being Morse is an open condition, (p' is also Morse with no critical points on the boundary if 
Cj are taken small enough. D 

Lemma 4.5. Let (p be a harmonic Morse function such that M{(p) G (27rZ)" and 01,02 are 
functions such that dai = Ai and da2 = Ai . Then for all k £ Z large enough, there exists a 
solution ui G H^{Mo) to 

Liui = 
such that 

ui =F'=(e-^"i +ri) with Vk\\ri\\L2 + ||ri||j:^i < C 

where F is holomorphic, dF = (1 — i)Fd(j) and \F\ = e'f'. Similarly, there exists a solution 
U2 e H^{Mq) to 

Llu2 = 

such that 

U2 = F-'=(e-^°2 +r2) with Vk\\r2\\L2 + \\r2\\m < C 

Proof. Since M((p) G (27rZ)"' we can construct a multivalued complex conjugate tp such that 
F := e'f''^^^ is a well defined holomorphic function satisfying dF = (1 — i)Fdcp and \F\ = e'^ . 
Since for any ai satisfying dai = Ai, Li can be written as 

Li = -2i * (9 + iAl^){^ + iAi) + Qi = -2i * e-'""' de'°' e'"''^ Be'''^ + Qi 

for some Qi £ L°°{Mq), we have that LiF^e*"i = F^e*"iQi. By Corollary [721 for all |A;| 
large enough there exists a fi solving 

e-^^Lie^^h = iF-^lLilF'^ln = Qi 

such that 

^lln||L2 + llnll^i < C'II<3i||l2- 

Setting ri = TpfcT^i we have that 

and that ri satisfies the desired estimates. The construction for U2 follows similarly after 
factorizing 

L2 = -2i * e-^"i(9e*"V-*"2ae*"2 + Q^ 

for some Q2 G L°°{Mq) and using that Lg — L2 is a zeroth order differential operator. D 

Proof of Proposition 14.21 We need to show that if ai and 02 are functions such that 
Buj = Aj, then e"'^"!""^) j^^^^ jg i}^q boundary value of a holomorphic function. By Lemma 
14.41 this is equivalent to showing that 

JdMo 

for all smooth real valued harmonic functions (p which is Morse up to the boundary and 

M{(P) G (27rZ)". 

Let (p be such a harmonic function and let ui = F (e"*"^ + ri) and U2 = F~ (e"*"^ _|_ j-g) be 
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the solutions constructed in Lemma H31 Plugging these solutions into the boundary integral 
identity 

/ n2(2(^i - A2) A dui + 2{Ai - A2) A dui + (Qi - Q2)ui) = 
Jmo 
we have that 

2k{l -i) [ e-^("i-"2)(^i - A2) A a</. + 0{Vk) = 0. 
J Mo 

Using the fact that —ie~^^°'^~°'^'{Ai — A2) = de~'^^"^~"'^' we can integrate by parts and take 
A: — )• 00 to get that 

dMo 

Since this is true for any real valued harmonic Morse function </> with M{(p) G (27rZ)", 
g-4(oi-02)|g^^^ is the boundary value of a holomorphic function by Lemma 14.41 D 

In view of this proposition we will denote by F_i(^ai-a2) to be the unique holomorphic 
function with boundary value e~*("i~"2) \gj^j^. Observe that one can reverse the indices 1 
and 2 in the proof above, and this shows that e^^'^'^~'^^'\QMo is also the boundary value of a 
holomorphic function F^r^^_^^y Therefore, writing a = ai — 02, it is clear after remarking 
that the product Fi^F-ia has boundary value 1, that 

(27) Fi^F. 



%a^ —la 



5. Reduction to First Order Systems 

In this section we use the boundary identity result we obtained in Proposition 14.21 to reduce 
the inverse problem for the second order equation to an inverse problem for the first order 
system of Dirac type on sections of the bundle S = A'^ © A'''^ introduced in Section [3l We 
will do this by factoring the operators Li and L2 the appropriate way. 

Let aj satisfy daj = Aj (this exists by Proposition l2.ip . then we also have daj = Aj. We 
set a := ai —02, then by Proposition 14.21 and (|27p . we see that there exists a nonvanishing 
holomorphic function F^ia such that -F-ia|aMo = ^~^"\dMo- I^ particular, if 

(28) Fa, := e^"2 and Fa, = F_i„e^"i 
then 

(29) BFa^ =iAjFA^ and -Fai 1 9Afo = ^Aa 1 9Afo • 

Similarly, there is a unique nonvanishing anti-holomorphic function Fia such that Fa '■= 
Fiae'^^ and F^^ := e*"^ satisfy 

(30) dFA^=iFAAj and -^Ai 1 9Afo = ^Aa 1 9Afo • 
We can then write 

Lj = -2i * {d + iAjA){d + iAj) + Qj = 2Fj^d*F^^FljdFA^ + Qj. 

where Qj = *dXj + qj. Let Uj E H^{Mo) and set Uj := F^^BFa^Uj £ H^{Mq,T^^^Mq), 



^j 



^«--(^t)(^o^.:)(5)H^^'r jjiz-"^ 



3 / \ J / \ ^3 
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Observe that ([27|) implies F^. = F^. , therefore, if we set {uj,Oj) := {FajUj,F^.ujj) = 

{FajUj,Fj^.u;j), then {uj,ujj) solves the above system of equations if and only if {uj,ujj) 
solves 

Denoting the Cauchy data space for Lj to be 

Cl, = {iu,Vu'u)\9Mo G H^dMo) X i7~l(aMo);n G H\Mo),Lju = 0} 

where Vi/''n := du{u) + iXj{v)u and u the unit normal interior vector field to SMq, we deduce 
from this discussion the 

Proposition 5.1. Assume that Xi,X2 G W'^'^{Mq,T* Mq) are real valued and qi,q2 G 
VF^'^(Mo) complex valued for some p > 2. If Li and L2 have the same Cauchy data space 
Cli = Cl2; then the first order system ([3T]) with diagonal endomorphism (^QiI-FaJ"^, |-FaiP) 
o/S has the same Cauchy data space as the one with endomorphism {^Q2\Fa2\~'^, l-^A2p) for 
Qj = —dXj + Qj and Fa defined as above. 

Proof. By the boundary determination and the remark following Proposition 14.11 we can 
suppose that Xi = X2 on SMq as forms, and therefore Ai = A2 as well on OMq. Combining 
the discussion above with equalities (f29|) . (|30|) . we have that 2 solutions Uj of LjUj = 
satisfying (ui — U2)\dMo = are such that (ui — U2)\dMo = and 

i^Mol^l - ^^2) = iWo {PA^iid + iAi)u, -{d + iA2)u2]) = tlM^'Bim - U2)) 

where {uj,u)j) := (F^^.-Uj, jF^^ I'^SF^^.-Uj). Now, 

X - 
^ly'UjldMo = {dUj{u) +iXj{u)uj)\oMo 

and since Xi = X2 on OMq, C^^ = C^j implies that d{ui — U2){iy)\dMo = 0; which together 
with (ui — U2)\dR4o = gives uji = uj2 on OMq. This achieves the proof. D 

We deduce from Proposition 15. II and Theorem 13.31 the following 

Corollary 5.1. Let Xj G W^'P{Mo,T*Mo) be real valued and Qj G W^'P{Mo) complex valued, 
and p > 2. If the Cauchy data spaces for Li,L2 satisfy C^^ = Ql^, then d{Xi — X2) = and 
Qi = <12- 

Proof. Acoording to Proposition 15.11 and Theorem 13.31 we have that 

(32) - dXi +qi = -dX2 + q2 and {Fa^I"^ = \Fa, |^ 

where Xj = Aj + Aj and Aj G A^'^,Aj G A^'''. The functions Fa are defined in ()28p and aj 
satisfies Boj = Aj. Since IF^J = e-^™^"^) = |^^j = e-^'^(°i)|F_,c,| for a = ai - 02 and F.^, 
is a holomorphic function which does not vanish in Mq in view of ()27p (the log of its modulus 
is then harmonic), then setting A = da = Ai — A2 we deduce that 

= 2iAIm(a) = A(a - a) = -2i * dda - 2i * dda = -2i * {dA + BA) = -2i * d{Xi - X2) 

and therefore qi = q2 as well by p2|) . D 
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6. Cauchy data determine the HOLONOMY 

For each m G Mq and each closed loop 7 based at rriQ, the parallel transport for the 
connection V"^ on the bundle Mq x C defines an isomorphism P^ : C — )• C of the fiber C at 

m, thus Py can be viewed as a non-zero complex number P^ € C \ {0}. The holonomy group 
of V at m is given by 

Hm(y^) ■■= {-Pf G C \ {0};7 is a closed loop based at m}. 

For the connection V = d + iX, an easy computation shows that 

TjX -i f X 

P^ = e •'t 

where 7 is an oriented closed curve. Notice that if X is real valued, the holonomy group 
-ffm(V ) is a subgroup of S^. If X is a fiat connections 1-forms, ie. with cuvature dX = 0, 
then the map 7 — ;■ P^ induces a natural group morphism p^ : 7ri(Mo,m) — )• Hm{^^) where 
7ri(Mo,m) is the fundamental group based at m, ie. the set of closed loop up to homotopy 
equivalence. The morphism p is called the holonomy representation into GL{C) and it is 
trivial if and only if 

e~*''T = 1 for all closed loop 7 based at m, 

this condition is also independent of m. If Xi,X2 are two connection 1-forms with same 
curvature dXi = dX2, and if the holonomy representation of X := X2 — Xi is trivial, then 
there exist a unitary bundle isomorphism F : E ^ E (recall that E = Mq x C), or equivalently 
a function F : Mq — )• C of modulus |F| = 1, defined by 

F{m') = eh{m,ml) 

where 7(m, m') is any C^ path joining m and m', this is well defined independently of the path 
since dX = and thanks to the triviality of the holonomy representation. The connections 
Xi and X2 are related by F*{d + iXi)F = d + 1X2, and if moreover ig^ Xi = i*Qj^ X2, then 
the isomorphism F is the identity when restricted to OMq. 

In view of this discussion, to prove Theorem 11.11 we need to prove 

Theorem 6.1. Let Xi,X2 G W^'P{Mo) and qi,q2 G W^'P{Mq) for some p > 2. Then the 
Cauchy data spaces Cl^ and Ql^ coincide if and only if qi = q2, V^ and V '^ have same 
curvature dXi = dX2, and the holonomy representation p^ is trivial for each m G Mq, where 
we have set X := Xi — X2. 

Proof. We shall give two different proofs, the first one using directly the Cauchy data space, 
the other one using Proposition 15.11 

First Proof. We have already shown that d{Xi — X2) = and qi = q2. Furthermore, by 
boundary determination (Proposition 14. ll and the remark that follows), we can conclude that 
the tangential components of Xi and X2 agree along the boundary, ie. i^^ (Xi — X2) = 0, and 
that there exist a function C, vanishing on the boundary such that Xi+dC, = X2 on OMq. Since 
the addition of an exact form as above does not change the Cauchy data space, we may assume 
without loss of generality that Xi = X2 at dM^. Let [7] € 7ri(Mo,pi) be an equivalence class 
of loop and 7 be a representative. Since X := Xi — X2 is closed, J X is independent of the 
chosen representative. We choose a simple (non self-intersecting) representative 7 based at pi, 
made of 2 oriented pieces [pi,P2] and [p2,Pi] such that [^2,^1] C OMq. This is possible for each 
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primitive class (or generator) of [7] G 7ri(Mo,pi), ie. every class which can not be expressed 
as a power of another class. All the other classes in 7ri(Mo,pi) are obtained by products 
of primitive classes (in the group law) and therefore the integrals of X along these classes 
are obtained by linear combinations over Z of integrals of X on primitive classes, therefore 
it suffices to compute the integrals on X on simple representatives (primitive classes) in 
7ri(Mo,pi). To prove the statement about the trivial holonomy representation, it suffices to 
prove that J X £ 27rZ. 

Let 7 : [0,2] — )• M be a parametrization of this loop in such a way that 7(0) = pi, 
7(1) = p2, 71 := 7((0, 1)) C int(Afo), and 72 := 7([1, 2]) C OMq. Now consider a thin tubular 
neighbourhood := {p G intMo; dist(p, 71) < e} which is homeomorphic to (0,1) x (— e, e) 
and therefore simply connected, in particular we need to take e so that dist(pi,p2) > 2e. We 
define for points p € the function a{p) := P X, so that da = X in (since X is closed). 
Since X = on OMq, we also have a\ui =0 where Ui = {p £ OMq; dist(p,pi) < e}. Now let 
/ be a smooth function defined on the boundary such that f{pi) = f{p2) = 1 and let Uj solve 
(for j = 1,2) 

LjUj = 0, u\dMo = /• 

Let u := e*"ui be defined in the tubular neighbourhood and we shall now show that 
n = U2 in by unique continuation if the Cauchy data spaces Ql^ agree. Indeed, using that 
V^e*" = e*"V^ in by simple calculation, we deduce that u solves L2U = in since 

e-'''{V^'*V^^ + g2)e^"'ui = (V^i*V^^ + qi)ui = 0. 

Furthermore, since a{p) = for all p £ Ui, one has u{p) = ui{p) = f{p) = U2{p) for all 
p £ Ui. Moreover, since the normal components of Xi and X2 agree on Ui as well, the 
normal derivatives satisfy 



duu\ui = duUilui = V^^u\ui - iXi{i')f = V^^u\ui - iX2{u)f = d^U2 



Ui 



where in the third equality we used the fact that the Cauchy data spaces Qli and C^j agree. 
So we have that {u — U2) is the solution of a homogenous elliptic equation in 0, vanishing on 
Ui and with normal derivative vanishing on Ui, therefore by standard unique continuation 

e*"(P)ui(p) = u{p) = U2{p), Vp G 0. 

Now letting p converging to p2 £ and using the fact that ui\qmo ~ ^alsAfo = /) '^6 have 
that e^'^^P^' f {P2) = f{p2)- And since /(P2) = 1 by assumption, we deduce that e*"^^^'* = 1 
and consequently 



a{p2) = / 
J71 



X £ 27tZ. 
'71 

Now since the tangential component of X vanishes along the boundary and 72 C OMq, we 
deduce that f X = and conclude that 

I X = I X £2ttZ 
J-f J-ii 

and the proof is complete. 

Second Proof. Consider the functions Fa of ()28p . then by Proposition 15.11 and using 
F4, = F^, , we know that B := Fa^/Fa2 = F'a^/Fa^ is a function mapping Mq to the unit 



IDENTIFICATION OF A CONNECTION FROM CAUCHY DATA 21 

circle 5^ C C, and by (f29|) . pO]) we also have 

de/e = i{Ai-A2), dQ/Q = i{Ai-A2) 

and thus dQ/Q = i{Xi — X2). Let 7, 0,pi,p2 be like in the First Proof just above, we want 
to prove that / dQ/Q G 2i7rZ. In the tubular neighbourhood of 7, we define G{p) := 
i J^ {Xi — X2) = J^ d@/@, which is well defined in the simply connected domain since 

d{Xi — X2) = 0, and dG = dQ/Q in with G{pi) = 0. The function e takes value in S^ and 
we have then proved that e*^ = since Q{pi) = 1. Then, to conclude, it suffices to notice 
that Q{p2) = 1 and so G{p2) G 27riZ. D 

7. Appendix 

In this appendix, we gather a couple of technical results which are essentially already proved 
in the literature. First, we give a Carleman estimate 

Lemma 7.1. Let X G W'^'°°{Mo,T^Mo) be real valued and q G W^''^{Mo) complex valued 
and set L = V^ V"'^ + q. Let be some harmonic real valued Morse function. Then there 
exists C > such that for all large fc G N and all u G H'^{Mq) 

\\e-f/'^Le^/'u\\l,>G{^\\n\\l, + \\du\\l,). 

Proof. We observe that L is a first order perturbation of the Laplacian A^ on Mq , therefore 
the Carleman estimate obtained for Ag in Lemma 3.2 of [8] with a convexified weight (p^ 
allows to absorb the first order terms by taking e > small and this shows the result for L for 
the convexified weight. Then the argument of Proposition 3.1 in [8] shows that the desired 
estimate for L holds for the weight <j). D 

As a corollary 
Corollary 7.2. With the same assumptions as in Lemma\7.1\ there exists ho > and C > 



such that for all h G (0,/io) and for all f G L (Mq) there exist a solution u G H (Mq) of 
e-'^I^Le^/^u = f with norms \\u\\l2 < CVh\\f\\L2 and \\du\\L2 < C||/||l2. 

Proof. The proof is a standard application of Lax-Milgram theorem (or Riesz representation) 
with the estimate of Lemma l7.H in exactly the same way as Lemma 4.4 of |^8]. D 

The boundary determination is standard, but since there seem to be no proof in the case 
of the system D + V studied in section [3l we provide a sketch of proof, based essentially on 
the arguments of [9l Appendix]. 

Lemma 7.3. With the notations of Section\^ let Vi, V2 G iy^'^(Mo,End(S)) be two diagonal 
complex valued potentials endomorphisms ofTi. Assume that the Cauchy data spaces Qy^ of 
D + Vi and Qv2 of D + V2 agree, then i*QMo^'^ = ^OMo^2- 

Proof Let F^(Mo,S) be the completion of C^(int(Mo)) for the H^{Mo,T,) topology, and 
H~^{Mq,Ti) the dual space. By standard arguments (for instance Carleman estimates and 
Lax-Milgram theorem), we have that for all W G L^(Afo,S), there exists a [/ G H^{Mq,Ti) 
such that {D + Vj)U = W and \\U\\l2 < G\\W\\h'1- Now let Ah = (a/j,0) G C°°(Mo,S) 
with ah a function supported in a chart Up near a boundary point p and defined as follows: 
if z = X + iy are complex coordinates near p with {y = 0} = OMq n Up, Mq n Up = {y > 0} 
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and p = {z = 0} in this chart, then we set ah{z) := r]{zh~°')e^^'^ with rj S C^(C) supported 
in the chart and equal to 1 at z = 0, and a G (0, 1/2). Notice that ||^/i||j;^2 = 0(/i2(-^+")) and 
DAh = {0,h-<'dzri{zh-'')e^'/^) has L^ norm 0(/i^(i-")). Let = {fij2dz) £ HI{Mq,^), then 
one has (the metric g is of the form e'^P\dz\'^ for some smooth function p) 

{DAh,F) = -ih-''+^ [ d,{e'^/^){d2rj{zh~'')dzj2)e^fdxdy 

JUr, 



and integrating by parts, we loose at most a power h " when the derivative hits r]{zh "). Us- 
ing Cauchy-Schwartz, we deduce \{DAh,F)\ < C/i2'-^~")||F||jyi and therefore ||DA/i||j|^-i = 
0(/il(i-a)). Adding a potential is harmless and thus \\{D + V)Ah\\H-i = 0(/i^^^""^). Taking 
a = 3 for instance, we obtain that there exists Zh € H^{Mq,T,), with norm \\Zh\\i2 = 0{h) 
such that (D + y)F/i = with F^ = Ah + Z^. We get these solutions F^,F^ for the diagonal 

potentials ^i = ( r, / I and ^i = ( r, / I and plug them into the integral identity (p2]) . 

giving then by elementary computations (and using Vj,v'j G W^''P{Mq)) 

0= [ {vi-V2W{zh-^)e-^y/^e^Pdxdy + o{h^) = C{vi((p)-V2{p))h^ +o{h^i). 
J Mo 

for some C / 0. This proves that vi = V2 at p, the same argument can be used to prove that 
v'l = v'2 at p and since p is arbitrarily chosen, we have achieved the proof of the Lemma. D 
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